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b.
P qQ r s
ppPq r s
q r s p commutative
r s pq
s s p qr
3. For example;
a. ab= (a + b)Z b. ab=
c. ab=a+1 d ab=a+b

3. %y
*b.
o
*d.

*e,

EXERCISES 8.1-
1. *a. associative *b. commutative ¢. neither
d. commutative, associative e. commutative
*2. a. not commutative: a-b # b-a

a
g a+t
4. Compute [[an ai!:’._bll bu_}l:cn clzJ ol
ay ay | | b, by, Cy Cyp
i b

The results are equal by the distributive, commutative, and associative properties of Z
under addition and multiplication.

. Group; i = zero polynomial

not associative: a:(b-d) # (a-b)-d

{an al2:|_( by, |z-.[cu CizD
Ay Gy | \[by by ey cy

Semigroup

Not a semigroup - not associative

Not a semigroup - S not closed under -
Monoid; i = 14042

Group; i = 1+ 02
Group;i=1
Monoid; i = |
Monoid; i = 1
Semigroup
Monoid; i = (0,1)
Group;i=0

Not a semigroup - S not closed under -

Not a semigroup - S not closed under -

& 1 o0
roup; i =
P 0 1

Group;i=1
Group;i=0
Monoid; i = function mapping every x to 0
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*6. a. fp= identity function fi(l) =2 fi(2)=1
fy(1)=1 f(2) =1 f3(1)=2  f3(2)=2

2 .f;'l f; fz ]‘;

Ll h L S

LA L hA

fz ‘fz fZ .f;! fZI
A O S S S

b. fp and f| are the elements

*7,
o | R R_R_F_F_F_
R|R, R R F, F F
RI|R R R F, F F
R\ R R R F I L
F, F R R R

FlF F, F R R R

Identity element is R3; inverse for Fy is Fy; inverse for Ry is Ry.
8. o — Rz, ap > F3, azg = Fp, ag > F, a5 >Ry, ag—> Ry

9. *a. No - not the same operation
*b. No - zero polynomial (identity) does not belong to P
*c. No - not every element of Z* has an inverse in Z*
d. Yes
e. No - Z is not a subset of My(Z)

f. Yes
g. No-{0,3,6} not closed under +g

10.[{0},+12], [Z12.+12], [{0,2,4,6,8,10},+12], [{0.4.8},+12], [10,3,6,9},+12], [{0,6},%12]

I'1. In each set closure holds, i is a member, and each element has an inverse.

<12.41/2 = 24/2 = 12 elements
o =i ay =(1,2)0(3,4) a3z =(1,3)o(2,4) ag =(1,4)0(2,3)

as=(1,3)0(1,2) ag =(1,2)o(1,3) o7 =(1,3)o(1,4) ag =(1,4)0(1,2)
ag=(1,4)0(1,3) ajp=(12)0(1,4) o= (2,4)0(2,3) a2 =(2,3)0(2,4)




Page 302 Mathematical Structures for Computer Science Gersting

is a bijection. 1t is also a homomorphism. For x, y elements of Zs,

fix +y)=[x+y]=[x] + [y] = fix) + f{y)

c. The inverse of [10] is [-10] = [4].
The pre-image of [10] is 10.

EXERCISES 8.2

*1. a. 0001111110 b. aaacaaaa c. 00100110
2. a. 110100, 111010 b. none c. Dajapazagas
3y
. Next state
Present input
Present state 0 1 Qutput
50 S 51 0
s1 s2 s1 1
s2 S s0 0
Output is 010010
4,
Next state
Present input
Present state 0 1 Qutput
50 53 s0 1
51 52 s0 0
52 s2 s1 1
53 Sl 52 0

Output is 11101011
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Gersting
*5.
Next state
Present input
Present state 0 1 Qutput

5o 51 S, a
5 s2 53 b
Sy S, 59 c
Sy 5, S3 b

Output is abbebb

Next state
Present input
Present state] a b ¢ Qutput

Output is 101110 Output is 00111
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Page 304 Mathematical Structures for Computer Science Gersting

%9,

*11..a.

carry state copy machine
13.8.

00,10, 01 11
00,10, 01

b. 010010
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y(t) =d; +dads' + dy'd;
di(t + 1) =xds

dz(t + 1) = d3l(xd2' + X'dz)
d3(t + 1)= xd,'d;' + x'd;

x| [
d (t) |
1 ¢ - yit)
0] D
d,) r
i o d,(t+1)
—v—D- A_\\ ‘:1
|
| =
’ )""’z d,ytt+1)
2 L/
N
ST PP IR
RN P )
W cl1(i)__E,_= d1ﬂ+1}
EXERCISES 8.3

*1. a. halts with final tape <=+ |5 |0 |0 (0|0 [0 |h

b. does not change the tape and moves forever to the left

2. a. halts with final tape - |6 |1|0|1]|0]|d

b. moves forever back and forth adding a 1 at each end of the nonblank portion of the
tape.

3.

(0,0,1,0,R)
(OllfOFOfR)




-
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4. One answer: State 1 is a final state
(0,0, 8 0,.R) ];asses over 0's }
o U T - first 1, go to final state, halt and accept
*5  One answer: State 2 is a final state
(0,5, B,2.,.8) ‘blank tape or no more 1's _ |
16 PR W T L . Tas read odd numboer of \'s 1
(12,0, 0, %) has read even number of 1's |
6. One answer: State 3 is a final state

pass over 0's to first 1

(0,0,0,0,R)
(0,1,1,1,R)

(1;0,0;1:RJ}

pass over 0's to second |

(1,1,1,2,R)

(2;b,;b; 3, R) end of string, halt and accept {
7. One answer; State 3 is a final state |

(0, (4 (IOIR)}

(0 Ladyili; L) looks for leftmost ), replaces it with X

(0,X,X,0,R)

(0,b,b,2,L)} no more )

e 2 O’R)} looks for matching (

P S RO | i

(2,b,b,3,R)

{2,X,X,2,R)} no more (, halts and accepts

*8. One answer: State 9 is a final state

/R)} accepts blank tape
R

finds first 1, marks with X

(0,b,b, 9

(0,0,0,0,R)

(D7l X5 1 )}

{3y dy 1y L R) . .
(1,Y,Y, 1 }% searches right for 2's
(L2 Yo 3 R)

(3,2,Y:4,L)

pair of 2's, marks with Y's
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(4% Y04 L)
(0 %,%,4, 1
(85 1:1:4+1)
(4, %,2,4,L)
(4,0,2,5,L)
(5,0,2,6,R)

(6,2,2,6 R) i
(6,X,X,6,R) passes right to next 1

searches left for 0's

pair of 0's, marks with Z's

(6, 1, %,1,R)
(6, Y; ¥, 7T+R)
(7,Y,Y,7,R)
(7,b,b, 8,L)
(8,Y,Y,8,L)
(8,%X,X,8,L)
(8,2,2,8,L)
(8,b,b,9,L)

no more I's

no more 2's

no more 0's, halts and accepts

9, One answer: State 7 is a final state

e

(0;0,b,1, E) 0 is leftmost symbol
(Ll il B
Ei:i:i:i:i; finds right end
(1,b,b,2,L)

(240 351 match, erases right symbol
(3,0,0,3,L)
[ allgadlls BieTh)
(34 %,%; 3;1)
(3,b,b,0,R)
(0,358, 4,R) I is leftmost symbol
(4,0,0,4,R)

(4yls s 4 R)

finds left end and begins again

(4,%,%,4,R) finds right end

(4,b,b,5,R)

(5 1ib; Bili) i match, erases right symbol

(0,*,%,6,R) word left of * is empty

(6, 5,5, 7,R) word right of * is empty, halts and accepts
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EXERCISES 8.4
"1, L(G) = {a}

L(G) = (010101, 010111, 011101, 011111, 110101, 110111, 111101, 11111}
L(G) = 0(10)*

L(G) = 0*1111*

a0 o

(c) is regular, (b) and (d) are context-free

For example:

for (a): G=(V, VT, S, P) where V = {a, 8}, Vr = {a}, and P = {S—a}.

for (b): G =(V, VT, S, P) where V = {0, 1, A,B,C,D,E,, G,S}, VT={0, 1}, and
P consists of the productions

i B

S — 0A C—->1D

S— 1A D — IE

A— 1B D— IF

A—1C E — 0G

B — 0D F—>1G

G-l

for (d): G=(V, VT, S, P) where V= {0, 1, A, B, §}, VT = {0, 1}, and P consists of
the productions

S — 08§ B—IB
S—-> 1A B—1
A— 1B

3. L(G) = (ab)*

4 L(G)={1"01"| n >0}

*5 L(G)=aa*bb*. G is context-sensitive. An example of a regular grammar that
generates L(G) is G' = (V, VT, S, P) where V={ab, A B, S}, VT={a, b}, and P

consists of the productions

S — aA A — aA B — bB
S —aB A — aB B—-b

6. a. <S>::=Mk|0<A>

<A>: =0<B>
<B>;:=0]|0<C>
<C>::=0<B>

b. <8>::=0<A>|1<A>
<A>: :=1<B><B>
<B>::=01] 11
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c. <8>::=0]|0<A>
<A>:: =1<B>
N <B>::=0<A>|0

d. <S8>::=0<S>]|11<A>
<A>::=1<A>]|1

7. a. 0%Ql1*

b. §S—0S

S — 0A

A—>1
A—1A

*8. 1*1(00)*
b. S—>1
S— 18

S — 0A
A—0

A — 0B

B — 0A

o

appleyay

onkeymay

ainchay

For example, G = (V, VT, S, P) where
V=i{aeioubcdf..xyz0L.C S}
Yr={a,8:i oju, b, 6.d. L .. ¥, %)

and P consists of the productions

a0 o

S — OLyay
S — OLCay
L—X L —LL L—-C L—0
O—ale|i|o]|u
C—CC|b|c|d|f]...|x|y|z

e. S— OLCay — al.Cay — aLLCay — aOLCay — aiLCay — aiCCay
— ainCay — ainCCay — aincCay — ainchay

10. For example, G = (V, VT, S, P) where V = {(, ), S}, V1 =1{(, )}, and P consists of the
productions
S—A
S — (S)S




