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MAIN IDEAS

. Inductive reasoning is used ro fomulare a conjecture based on experience.

. Deductive reasoning is used eirher to fefure a conjecture by finding a counter_
example or to prove a conjecture.

. In proving a conjecture abour some subject, facts about that subjecr can be used.

. Under the right circurnstances, proofby conrraposirion or contradicrion mar
work better ihan a direct Foof.

EXERCtSES 2.1

* L Write the converse and rhe contrapositive oi each statement in Exercise 4 of Secrion L I .
2. Given the implication P -+ O. then O/ ,+ p' is the conrraposirive of the imptication and

0 + P is the converse ofthe implication. The only rcmaining varialion is the jnr?7.re of
the implication, defined as P' J 0'. To which of rhe other three (imptication, contraposi-
tive, converse) is the inverse equivalent?

3. Provide counterexamples to the fbllowing statemenrs.
a. Every geometric figure with tbur ight angles is a square.
b. Ifareal number is not positive, then it musr be n€gative.
c. All people with red hair have green eyes or are tall.
d. All peopie with red bair have green eyes and are tall.

4. Provide counterexamples to the lbllowing statements.
n. The numbe 

 

is an odd integ€r if and only iI 3, + 5 is an even integer
b. The number fl is an even integer if And only if 3, + 2 is a0 even integ€r.

5. a. Find iwo even integers whose sum is nor a mulriple of4.
b. What is wrong with the following "proof" that the sum of two even numbers is a

multiple of 4?

Let,v and ) be even numbers, Then -r = 2r, and ) = 2rn, where ,', is an inreger, so
)c + f = 2n + 2m = 4q which is an integral multiple of4.

6. a. Fird an exampte of an odd number ,r and an even number ) such that .r - ) = 7.
b. What is wrong with the following "pr.oof'that an odd number minus an even number

is always l?

Let r be odd and ) be even. Then x = 2m + 1, ) - 2r?, where,l is an integer, and
x - y = 2 m + 1 - 2 n = 1 .

For Exercises 7-43, prove the given statemenr.

*1 l l  I  = 25- 100. or lbo. rhen, l  i .  r  perfecr 'quarc and i .  a .um oi lqo perfecl  ,quare\.
8. If ,, is an even integer 4 s n < 12, rhent, is a sum oftwo prime numbers.
9. For any positive integeu less than or equal to 3, r! < 2,.

10. For2= = 4, nr >- 2,.
l l . 0 is an even number
I 2. The sum of even integers is even (do a direct proof).
13- The sun of even integers is even (do a proof by conrradiction).

* 14. The sum oftwo odd integers is even.



SEC'/ON 2.1 Proof Te.hni.lues

15. The sum of an even integer and an odd int€er is odd
16. An odd integer minus an even integer is odd.
17. The producl of an) rwoconseculive inlegers i( eveo.

18. The sum of an integer and ils square is even.
* 19. The square of an even number is divisible by 4.

20. For every integer r, the number

3 ( * + 2 n + 3 ) - 2 n z

is a perfect square.
21. If a number.t is positive, so is i + I (do a proof by contraposition)'
22. The number n is an odd integer if and onlv if 3n + 5 : 6k + 8 for some integer l'

23. The number n is an even integer if and only if 3, + 2 - 6l + 2 for some integer t'

* 24. Forrand) positive numbers,.r < ) ifand only ii.r'�< /'
25. l f  f  +2r-3 = 0,d:,enx * 2.
26. l f ,  is an e\en pdme number then,? -  2

* 27. If two integ€rs are each divisible by some intege i, then their sum is divisible by n'

28. If lhe product of two integers is not divisible by an integer '?' then neither integer is

divisible by fl.
29. l f  , .  n.  andp are inteeers and r l ' ,and nb. then rh,
10. If', .r. and 4 are inteeers and r lp and njq.thennfllp4
3 I . The sum of thtee conseculive integers is divisible by 3.

* 32. The square of an odd integer equals 8i + I for some integer /..

33, The difference of two consecutive cubes is odd.
34. The sum of the squares of two odd integers cannot be a perfect square (FJi'ti Use

Exercise 32.)
* 35. The Droduct oflhe squares oftwo integers ib a Perfect square

36. For any two nurnberi, *a y. lrvl = l'' rl.
* 37. For any two numbers r and ), I.r + )l = F + )1.

38. Thev; lueAistheaverageofthetrnumbersrr, t2, . . , ta.Provethatat leastoneof
.r,, r,,... , r" is greater than or equal to,4

3, ;fi;; ;;;:; r;. ir,. '"f'ot e*'pr. | | to attempt ro prove that vA is not a
rational number. At what Point would the proof not be valid?

40. Prove that \6 is not a rational number.

41, Prove lhat \6 is not a rational number.

42. Prove that \lt is nol a mtional number.
43. Prove that log? 5 is not a rational number (log, 5 = i means 2! = 5)

For Exercises 465, prove or disprove the given statement.

44. 9l is a composite numb€r.
* 45. 29? is a composite number.

46. 83 is a composite number
4?. The difference beiwe€n two odd in.egers is odd
48. The difference berween two even inlegers iq e!en

* 49. The product otany tlree consecuble inEgers is even
50. The sum ofan) lhree consecutive Inlege^ i" even


